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ABSTRACT 
Bacteria are known to sense and respond to mechanical signals. To examine bacterial 
mechanics and their relation to biological responses, we used a microfluidic device to apply a 
mechanical loading condition we refer to as extrusion loading to individual Escherichia coli. 
Extrusion loading was generated by flowing bacteria in liquid media into tapered constrictions. A 
difference in fluid pressure across the bacteria and the frictional and normal forces from the 
channel walls generate loads and deformations on the bacteria. The recent experimental findings 
in our group suggests that extrusion loading can influence growth rates and the performance of 
cell membrane proteins involved in the resistance to toxins. Mechanical models of bacteria under 
extrusion loading were developed to determine the stress state and Young’s modulus of the cell 
envelope. 
Here I used analytical and finite element models to characterize the stresses in the cell 
envelope of bacteria submitted to extrusion loading. The analytical model was derived based on a 
force balance and transversely isotropic constitutive laws. An axisymmetric nonlinear finite 
element model was developed using solid elements with transversely isotropic material 
properties. As many aspects of bacteria material properties are not known, a parametric analysis 
was performed to determine the combinations of material properties that yielded finite element 
simulations consistent with experimental results. We found that extrusion loading led to increases 
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in tensile axial stress, shear stress, and compressive radial stress, and decreases in tensile hoop 
stress. Besides, the internal pressure on bacteria (the “turgor pressure”) increased during extrusion 
loading. 
Additionally we used a series of analytical and finite element models to determine the 
cell envelope Young’s modulus. The analytical model provided a closed form solution for 
Young’s modulus. An axisymmetric nonlinear finite element model was developed using solid 
elements with isotropic material properties to identify the cell envelope Young’s moduli that were 
consistent with experimental observations. The analytical analysis was extremely sensitive to 
experimental measurements suggesting that small errors in measurement would have large effects 
on the predicted Young’s modulus. The parametric finite element analysis showed resulting 
deformations insensitive to the tested range of Young’s moduli, preventing us from iteratively 
determining a Young’s modulus. Proposed future approaches to determine the cell envelope 
Young’s modulus are discussed. 
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Chapter 1. Stress Analysis of the Bacteria Submitted to Extrusion Loading 
1.1 Introduction 
1.1.1 Bacterial Anatomy 
All living organisms can be broadly categorized into either prokaryotic or eukaryotic 
cells. Animals, plants, and fungi belong to eukaryotes. Bacteria, on the other hand, are 
prokaryotes. Prokaryotes are fundamentally different from eukaryotes in that they lack membrane 
bound organelles. The most obvious example is that prokaryotes lack nucleus. Bacteria exist in 
unicellular form, although being unicellular is not an attribute in distinguishing between 
prokaryotes and eukaryotes. Yeast, for instance, is a single-celled organism but belongs to 
eukaryotes. 
The cell wall is the major stress-bearing component in bacteria [1]. The primary function 
of the cell wall is to maintain cell shape and structurally support bacteria. The cell wall is made of 
peptidoglycan, which is composed of polysaccharide chains cross-linked by peptide chains. The 
peptidoglycan is mesh-like and does not limit the passage of small molecules. 
The cytoplasm is enclosed by the cell membrane. The cytoplasm is composed of water 
and is the solvent for bacterial components responsible for metabolism, growth, and replication of 
genetic materials in the cells. In addition, enzymes, wastes, nutrients, ions, gases, and other 
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molecules are distributed in the cytoplasm. The most easily observable structure inside the 
cytoplasm is the nucleoid, which is a compact region of bacterial genomic materials. 
The cell membrane encloses the cytoplasm, and is sandwiched between the cytoplasm 
and the cell wall. The central role for the cell membrane is to regulate transport of molecules into 
and out of the cell. The bacterial cell membrane is a lipid bilayer consisting of phospholipids. The 
amphipathic nature of phospholipids, with hydrophilic tails and hydrophobic heads, enables self-
assembly. The lipid constituents in the cell membrane make it automatically permeable to gases 
and small lipophilic molecules. Additionally, many proteins in the cell membrane are involved in 
the active transport to control the flows of molecules across the cell membrane. 
The most common mechanical loads experienced by bacteria in their natural environment 
is osmotic pressure. Osmotic pressure arises due to the ionic concentration (osmolarity) 
difference between the cytoplasm and surrounding media. Normally, bacteria possess positive 
osmolarity in that the cytoplasm has greater ionic concentration than environment. With the 
presence of the semipermeable cell membrane that is less a barrier to water than to ions, the 
concentration gradient of water drives the water molecules from media to the bacterial cytoplasm, 
expanding the membrane. Osmotic pressure is defined as the pressure sufficient to prevent the 
influx of water to cells [2]. In bacteria, as water diffuses into the cytoplasm, the cell membrane 
can expand only to a degree that it is firmly in contact with the surrounding cell wall. Additional 
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water influx results in mechanical stress buildup in the cell wall. The pressure applied on the cell 
wall due to osmolarity difference is referred to as the turgor pressure. 
One of the difficulties for survival of bacteria is the constantly changing osmolarity in 
natural environment. Mechanosensitive (MS) ion channels on the cell membrane are believed to 
be crucial for bacteria to survive in a wide range of external osmolarities. MS ion channels 
prevent cells from bursting in hypotonic solution (lower osmolarity in the solution than in the 
cytoplasm) by sensing the mechanical tensile stress on the cell membrane and allowing 
transmission of water [3]. 
Cytoskeletal elements are major components of mechanotransduction in eukaryotic cells 
Bacteria do not have cytoskeletal elements but instead have cytoskeletal homologues. The 
cytoskeleton homologues are filamentous proteins attached to the cell membrane. MreB, FtsZ, 
and CreS are the most studied cytoskeletal-like filaments. MreB has been shown to contribute to 
the whole cell stiffness. Depolymerization of MreB in Escherichia coli resulted in 30% 
reductions in their flexural rigidity in mechanical bending tests [4]. MreB molecules also guide 
peptidoglycan syntheses and insertions and help maintain the rod shape of E. coli. E. coli depleted 
with MreB grew into spherical morphology [5]. FtsZ is an important element in cell division. 
FtsZ molecules localize at mid cell to form a division ring, which then is postulated to exert a 
contraction force that pinches the cell into two halves [6]. The molecule CreS is required for the 
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crescent shape in Caulobacter crescentus. CreS exerts compressive force on the sidewall of the 
bacteria, resulting in gradients in cell lengthening that lead to a curved shape [7]. 
Bacteria are broadly classified as Gram positive or Gram negative by the degree to which 
the bacteria retain crystal violet dye in Gram stain test. One structural difference between the two 
groups is that Gram negative bacteria have a thinner peptidoglycan layer than Gram positive 
bacteria. Next, Gram negative bacteria contain a second cell membrane outside the cell wall. The 
outer membrane features lipopolysaccharides. Lipopolysaccharides are anchored to the outer 
membrane and project into the surroundings. Additionally, the outer membrane contains the 
transport channels called porins that make it more permeable than the inner membrane. The space 
between the inner and the outer membrane is known as the periplasm or the periplasmic space. 
1.1.2 Mechanical Characterization of Escherichia coli 
Escherichia coli are rod-shaped Gram negative bacteria. In mechanical models, E. coli 
have been modelled as thin-walled pressure vessels. In our analyses we assume a simplified rod-
like geometry including a cylinder with two hemispherical end caps. Turgor pressure is present in 
bacteria that inflates the cell wall and produces tensile mechanical stress in the cell envelope. As a 
pressure vessel it is appropriate to use the thin walled assumption as the radius of E. coli is two 
orders of magnitude larger than the cell envelope thickness. 
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The cell envelope of E. coli is an elastic anisotropic material. E. coli have been shown to 
behave elastically when subjected to transient forces [8, 9]. In addition, the cell envelope Young’s 
modulus in the circumferential direction is two times higher than that in the longitudinal direction 
[10, 11]. Young’s modulus has been reported in a range from 2 to 220 MPa (Table 1.1), but the 
Poisson’s ratio is yet to be measured. 
Table 1.1 Reported cell envelope Young’s moduli of Escherichia coli. Some measurements using atomic force 
microscopy indentation do not specify the direction of obtained Young’s modulus. 
Young’s Modulus (MPa) 
Method Reference 
Longitudinal Circumferential 
23.0 49.0 
Atomic Force Microscopy Indentation 
Deng et al. [10] 
25.0 45.0 Yao et al. [11] 
12.8 Abu-Lail et al. [12] 
3.0 Cerf et al. [13] 
0.4 Chen et al. [14] 
221.4 Eaton et al. [15] 
2.6 Perry et al. [16] 
34.8 − Optical Trapping Wang et al. [4] 
31.8 − 
Fluidic Bending 
Amir et al. [9] 
28.0 − Auer et al. [17] 
21.7 − Caspi [18] 
50.0 – 150.0 − Agarose Gel Encapsulation Tuson et al. [19] 
30.0 − Analytical Solution Boulbitch et al. [20] 
6.1 – 17.5 62.5 – 66.3 Computational Solution Gumbart et al. [21] 
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1.1.3 Extrusion Loading and Bacteria 
The current work involves mechanical characterization of stresses and strains induced 
using an experimental technique known as “extrusion loading [22].” Extrusion loading involves 
flowing bacteria in liquid media into tapered constrictions. The bacteria trapped in the 
constrictions experienced a difference in fluidic pressure from upstream to downstream. 
Meanwhile the sidewalls of the bacteria were subjected to frictional force and normal force 
related to contact with the walls of the tapered channels (Figure 1.1A). 
Extrusion loading is implemented using a microfluidic device that consists of a network 
of bypass channels in parallel with tapered channels (referred to as ‘traps’) (Figure 1.1B). A 
syringe pump is used to inject media into the device through the inlet channel. A pressure sensor 
is placed at the inlet of the bypass channel to record the applied pressure. As bacteria in media are 
flowed into the device, they either flow through the bypass channels or enter a trap. The cross-
section of traps at the entrance is larger (1.4 μm x 1.4 μm) than the average width of Escherichia 
coli or Bacillus subtilis (~1 μm). At the exit of traps, the cross-section is smaller (0.25 μm x 1.2 
μm) than the bacteria. We denote the entrance side of traps as upstream and the exit side as 
downstream. The device was made from fused silica as glass which is considerably stiffer than 
bacteria and has optical clarity for imaging the cells inside the device (Figure 1.1B, inset). 
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We determined the local hydrostatic pressures at the two ends of each trapped bacteria 
using hydraulic circuit calculations [22]. The channels in the device were represented by 
hydraulic resistors. The hydraulic resistance is defined as the pressure drop across a channel 
divided by the flow rate within it. The resistance of a channel with rectangular cross-section, Rh 
was determined from the Hagen-Poiseuille law as [23]: 
𝑅ℎ =
𝛿𝑃
𝑄
=
12𝜂𝑙
ℎ3𝑤
 (1.1) 
, where δP is the pressure drop, Q is the flow rate, η is the viscosity of the media, l is the length, h 
is the height, and w is the width of the channel. Analogous to electrical circuits, we can calculate 
the total hydraulic resistance of resistors in series or in parallel. The pressure at the upstream end, 
Pu and the pressure at the downstream end, Pd of a trapped cell are thus obtained after using the 
hydraulic circuit calculations. The pressure difference applied on a trapped cell is 𝛥𝑃 = 𝑃𝑢 − 𝑃𝑑. 
The average pressure experienced by a trapped cell is 𝑃𝑎𝑣𝑒 = (𝑃𝑢 + 𝑃𝑑)/2. Each functional 
device contains sets of traps along a bypass channel to achieve a range of pressure difference 
(Figure 1.1B). 
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Figure 1.1 Extrusion loading and the microfluidic device. (A) External loads applied on a trapped cell under 
extrusion loading. (B) Sets of taper channels along a bypass channel and their corresponding pressure difference 
(copyright courtesy of M.F. Roberts). (Inset) A microscopy image of the trapped bacteria in taper channels. 
1.1.4 Research Question 
Our research goal is to analyze the stress and strain states on the cell envelope under 
extrusion loading as a means of understanding the effects of mechanical stress and strain on the 
CusCBA efflux system (M.F. Melanie & L.A. Genova (2018), Paper submitted for publication). 
CusCBA is a tripartite Cu+ and Ag+ efflux complex in Gram negative bacteria that traverses 
across the thickness of the cell envelope. CusC is located on the outer membrane, CusB is located 
in the periplasm, and the CusA is located on the inner membrane. When the three assemble 
together, CusCBA extrudes Cu+ and Ag+ in the cell. It has been shown that CusCBA complex 
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exists in a dynamic equilibrium between the assembled state and the disassembled state [24]. 
Recently we have found that the disassembly rate of CusCBA in E. coli increased as extrusion 
loading applied on the bacteria increased. This suggested that the bacterial efflux was affected by 
mechanical loading. We therefore developed mechanical models to characterize the stress and 
strain states of the bacteria submitted to extrusion loading. 
1.2 Analytical Model 
The analytical model in this section was created and described in detail and provides 
information on the stress and strain states in a bacterium submitted to extrusion loading. The 
experiments relevant to the derivations of the analytical model is introduced below. 
1.2.1 Stepwise Increases in Extrusion Loading Experiments 
E. coli suspended in liquid media were submitted to extrusion loading (see section 1.1.3) 
with an initial Pave of 46 kPa (∆P range: 15–49 kPa). Images of the bacteria were collected using 
bright field microscopy (0.108 μm per pixel). The applied fluid pressure was increased and a new 
bright field image of the same bacteria was collected (Figure 1.2A). The process was repeated 
resulting in an image of each cell at three different magnitudes ∆P. Stepwise loading occurred 
over a short timeframe (~19 min) at room temperature, so that changes in cell length were not 
influenced by growth processes. Increases in applied ∆P resulted in movement of the bacteria 
further into the tapered channels leading to a reduction in cell width (Figure 1.2B). Additionally, 
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cell length increased (Figure 1.2C). These observations show that increased magnitude of 
extrusion loading results in reductions in tensile hoop strains, increases in tensile strain in the 
longitudinal direction and a net reduction in cell volume (Figure 1.2D). 
 
Figure 1.2 Changes in cell dimensions in E. coli submitted to stepwise increases in extrusion loading. (A) Bright 
field images of the same bacteria submitted to three different magnitudes of extrusion loading. (B) The mid cell radius 
of bacteria at each of the stepwise increases in pressure are shown (n = 17, lines connect measures of the same cell). (C) 
The length of bacteria at each of the stepwise increases in pressure are shown. (D) The volumes of bacteria submitted to 
stepwise increases in ∆P. Volume is calculated assuming a cylindrical shape of each bacteria. 
1.2.2 Methods 
An analytical model based on force balance and transversely isotropic constitutive laws is 
derived by Srivastava [25] and elaborated here. The analytical model assumes an axisymmetric 
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cell geometry. The cell contains a turgor pressure, Pt associated with osmolarity and is submitted 
to an upstream fluidic pressure, Pu and a downstream fluidic pressure, Pd. The difference between 
upstream and downstream pressure (Pu – Pd) is the pressure difference ∆P. A normal pressure, 
Pwall resists the internal cell pressure at the channel wall and a frictional pressure, τ associated 
with contact to the cell envelope is also present (Figure 1.3A). 
The stress and strain, and the change in turgor pressure of a bacterium at two loading 
configurations (∆P1 and ∆P2) are considered (Figure 1.3A). The cylindrical portion of the 
bacterium (AA’ to BB’ in Figure 1.3A) is referred to as ‘trunk’ and the ends as ‘caps’. The cell 
envelope thickness is denoted by t. As the taper angle α in the microfluidic channel is very small 
(~0.5o), we assume uniform radius for the trunk. 
We denote the displacement of the point X in the cell envelope as it moves from 
configuration 1 to configuration 2 as u, such that 𝑥 = 𝑋 + 𝑢. As the cell moves from 
configuration 1 to configuration 2, the axial strain εa and the hoop strain εh in the cell envelope 
are given by: 
𝜀𝑎 = 𝑑𝑢(𝑋) 𝑑𝑋 = 𝑢′(𝑋)⁄  (1.2) 
𝜀ℎ = (𝑟2 − 𝑟1) 𝑟1⁄  (1.3) 
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We assume small strains and thus bending in the cell envelope is neglected [26]. The incremental 
tensile axial stress δσa and the incremental tensile hoop stress δσh between two configurations are 
given as: 
𝜎𝑎2 = 𝜎𝑎1 + 𝛿𝜎𝑎 (1.4) 
𝜎ℎ2 = 𝜎ℎ1 + 𝛿𝜎ℎ (1.5) 
The cell envelope is modeled as a linear elastic transversely isotropic material [10, 11] 
with hoop Young’s modulus, Eh on the isotropic plane, and the axial Young’s modulus, Ea. The 
anisotropic coefficient 𝛾 = 𝐸ℎ 𝐸𝑎⁄  describes the relationship between the two. υha is the 
Poisson’s ratio in the axial direction. The relationship between incremental stresses, δσa and δσh 
and strains, εa and εh is given by the constitutive laws as: 
𝛿𝜎𝑎 =
𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
(𝜀𝑎 + 𝜐ℎ𝑎𝜀ℎ) =
𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
[𝑢′(𝑋) + 𝜐ℎ𝑎
𝑟2 − 𝑟1
𝑟1
] (1.6) 
𝛿𝜎ℎ =
𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
(𝜐ℎ𝑎𝜀𝑎 + 𝛾𝜀ℎ) =
𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
[𝜐ℎ𝑎𝑢
′(𝑋) + 𝛾
𝑟2 − 𝑟1
𝑟1
] (1.7) 
The local force balance in the hoop direction (Figure 1.3B) in the two configurations is: 
𝜎ℎ1(𝑋) =
𝑟1
𝑡
[𝑃𝑡1 − 𝑃𝑤𝑎𝑙𝑙1(𝑋)] (1.8) 
𝜎ℎ2(𝑋) =
𝑟2
𝑡
[𝑃𝑡2 − 𝑃𝑤𝑎𝑙𝑙2(𝑋)] (1.9) 
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The balance of longitudinal forces at a point X on the cell (Figure 1.3C) is obtained from 
a force balance, assuming a constant Coulomb friction coefficient f between the cell and the 
channel walls and characterizing 𝜏 = 𝑓𝑃𝑤𝑎𝑙𝑙(𝑋) for both configurations as follows: 
𝑑𝜎𝑎1(𝑋)
𝑑𝑋
=
𝑓
𝑡
𝑃𝑤𝑎𝑙𝑙1(𝑋) +
𝛼
𝑟1
[𝜎𝑎1(𝑋) − 𝜎ℎ1(𝑋)] (1.10) 
𝑑𝜎𝑎2(𝑋)
𝑑𝑋
= {
𝑓
𝑡
𝑃𝑤𝑎𝑙𝑙2(𝑋) +
𝛼
𝑟2
[𝜎𝑎2(𝑋) − 𝜎ℎ2(𝑋)]} (1 + 𝑢
′) (1.11) 
, where we have removed higher order, incremental terms. 
 
Figure 1.3 Free body diagrams of a bacterium under extrusion loading. (A) Schematic of a bacterium trapped 
inside a channel at two applied pressures. The blue (left) bacterium is at lower applied pressure, and the red (right) one 
is at higher applied pressure. (B) The local force balance in the hoop direction. The black dots denote the axial axis. (C) 
The local force balance of a segment of a trapped bacterium in the longitudinal direction. 
Considering the cell as a single body, the longitudinal forces from the pressure difference 
must be balanced by wall pressure and friction resulting in the following equations: 
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?̂?𝑤𝑎𝑙𝑙1 =
1
𝑙1
∫ 𝑃𝑤𝑎𝑙𝑙1(𝑋)𝑑𝑋
𝑙1
0
=
𝑟1𝛥𝑃1
2𝑙1(𝑓 + 𝛼)
 (1.12) 
?̂?𝑤𝑎𝑙𝑙2 =
1
𝑙2
∫ 𝑃𝑤𝑎𝑙𝑙2(𝑋)(1 + 𝑢′)𝑑𝑋
𝑙1
0
=
𝑟2𝛥𝑃2
2𝑙2(𝑓 + 𝛼)
 (1.13) 
The change in turgor pressure between two configurations can be assessed from the force 
balance in the hoop direction. By subtracting Equation (1.8) from Equation (1.9), integrating both 
sides of the equation across the length of the cell, and substituting Equation (1.7), (1.12), and 
(1.13) we achieve: 
𝑃𝑡2 − 𝑃𝑡1 =
𝑟1(𝛥𝑃2 − 𝛥𝑃1)
2𝑙1(𝑓 + 𝛼)
+
𝑡𝐸ℎ
𝑟1(𝛾 − 𝜐ℎ𝑎2)
(𝜐ℎ𝑎
𝑙2 − 𝑙1
𝑙1
+ 𝛾
𝑟2 − 𝑟1
𝑟1
) (1.14) 
The axial strain and incremental axial stress distributions can now be readily calculated. 
Differentiating Equation (1.4) and replacing the resulting terms with Equation (1.6), (1.8 – 1.11), 
and (1.14) give us: 
𝑢′′ +𝑄𝑢′ = 𝑀 (1.15) 
, where 𝑀 ≜
(𝛾−𝜐ℎ𝑎
2)𝑓
𝑡𝐸ℎ
[
𝑟1(𝛥𝑃2−𝛥𝑃1)
2𝑙1(𝑓+𝛼)
+
𝑡𝐸ℎ𝜐ℎ𝑎
𝑙2−𝑙1
𝑙1
𝑟1(𝛾−𝜐ℎ𝑎2)
] +
𝛼(𝜐ℎ𝑎−𝛾)𝜀ℎ
𝑟1
 and 𝑄 ≜
(𝑓+𝛼)𝜐ℎ𝑎−𝛼
𝑟1
. 
Recognizing from cell geometry that, 𝑟2 − 𝑟1 = −𝑢(0) ∙ 𝛼 and 𝑢(𝑙1) − 𝑢(0) = 𝑙2 − 𝑙1, the 
distribution of axial strain is expressed as: 
𝜀𝑋 = 𝑢′(𝑋) =
𝑀
𝑄
−
𝑀𝑙1 − 𝑄(𝑙2 − 𝑙1)
1 − 𝑒−𝑄𝑙1
𝑒−𝑄𝑋 (1.16) 
The incremental axial stress is then obtained from Equation (1.6) and (1.16) 
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1.2.3 Results 
An expression for the change in turgor pressure between two configurations is obtained in 
Equation (1.14). Substituting values for pressure, radius and Young’s moduli within the 
experimental range, the right hand side of Equation (1.14) is always positive, i.e. increases in 
pressure difference result in increases in internal pressure. The increase in turgor pressure is 
consistent with observed reductions in cell volume during stepwise extrusion loading (Figure 
1.2D) in that volume loss is most likely predominately water (the cell remains viable after 
loading). A reduction in water content would be expected to increase osmolarity and thereby 
increase turgor pressure. 
The axial strain (Equation 1.16) can be shown to increase monotonically from the 
upstream end (X = 0) to the downstream end (X = l1) of the trunk if we solve the longitudinal 
force balance at two end caps and use the results from it. As a function of the axial strain, the 
incremental axial stress likewise exhibits a monotonically increasing pattern along the length of 
the trunk. 
We conclude from this analytical analysis that during extrusion loading the axial strain 
and stress are distributed in an increasing pattern from the upstream end to the downstream end 
and that extrusion loading results in increased turgor pressure. 
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1.3 Finite Element Model 
The analytical model above, while providing insight into the stresses and strains 
generated by extrusion loading, has limited utility for quantitative analysis as many of the 
variables have not been well defined experimentally. Here we generate finite element models to 
assess the complete state of stress in a cell envelope under extrusion loading. The experiments 
used for the derivations of the finite element model are explained below. 
1.3.1 Relationship between Cell Morphology and Applied Extrusion Loading 
A total of 1366 E. coli BW25113 bacteria were submitted to extrusion loading and a 
single image of each cell was obtained as part of another experiment. The applied pressure 
differences (∆P range: 1–49 kPa) were achieved at using multiple days of experiments using two 
different average pressures (Pave: 12.5 and 30.0 kPa). The cell length and mid cell width of each 
trapped cell were measured (Figure 1.4). 
 
Figure 1.4 Cell dimensions in experiments. Cell length and width are binned according to its pressure difference (∆P: 
0−10, 10−25, 25+ kPa) and average pressure (Pave: 12.5, 30.0 kPa). The x- and y-error bars are s.d. 
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1.3.2 Methods 
Characterization of the stress and strain state in the cell envelope during extrusion 
loading was performed using a nonlinear finite element analysis. A finite element model of a 
bacterium submitted to extrusion loading was developed using Abaqus (CAE 6.9-EF2, Dassault 
Systems, Providence, RI). An axisymmetric model of the cell envelope using solid elements was 
generated. The use of solid elements constrains the model to considering situations with a 
positive turgor pressure (a reasonable assumption given the increases in internal pressure during 
extrusion loading, see above). The trunk of the cell envelope was modeled using transverse 
isotropy (see section 1.2.2). The Poisson’s ratios on the isotropic plane was 0.3, and the Poisson’s 
ratio in the hoop-axial direction was 0.34 [21]. The end caps were assigned isotropy, with the 
Young’s modulus as the average of the Young’s moduli in the hoop and longitudinal direction in 
the trunk and the Poisson’ ratio as 0.3. Channel walls were represented by rigid surfaces with 
dimensions determined from the microfluidic device. Contact between the cell envelope and the 
channel walls was simulated using a surface-to-surface contact. Coulomb friction was applied 
between the cell envelope and channel walls, with friction coefficients estimated from global 
force balance in the longitudinal direction of a trapped cell envelope. Each finite element model 
consisted of 103,680 four-node bilinear quadrilateral elements (16 elements across the cell 
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thickness, CAX4 elements with geometric nonlinearities included). The thickness of the cell 
envelope, t was 4 nm [10, 11]. 
Extrusion loading was simulated in two steps (Figure 1.5A). In the initial step the cell 
envelope was inflated with a turgor pressure characteristic of the free-floating state, Pt,0. Although 
reports of turgor pressure and cell envelope Young’s moduli vary dramatically in the literature, 
cell width is highly conserved [27] and has small variability in the strain of E. coli used in this 
experiment (1.13 ± 0.14 μm) [28]. The unstressed width, turgor pressure and the cell envelope 
Young’s modulus were varied iteratively and the combinations of these three parameters that 
achieved a final width similar to that of free-floating E. coli (known) were determined. 
In the second step of the simulation, upstream and downstream pressure was applied and 
the internal pressure was increased to Pt,load. Stabilization control was used in Abaqus to allow for 
small rigid body motion of the cell envelope within the channels. 
Table 1.2 Ranges of tested parameters for the cell envelope in the finite element model. 
Parameter Definition Parameter Range Reported Range 
Ea Axial Young’s Modulus 20 – 60 MPa 20 – 150 MPa [4, 9-11, 17-19] 
Pt,0 
Turgor Pressure Prior to 
Extrusion Loading 
100, 150, 200 kPa 30 – 300 kPa [10, 29, 30] 
Pt,load 
Turgor Pressure during 
Extrusion Loading 
Pt,0 – 500 kPa − 
l0 Unstressed Cell Length 1000 – 2400 nm − 
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Figure 1.5 Parametric finite element models. (A) Schematic of the finite element model. Numbers mark the steps in a 
simulation. (B) Flowchart of the parametric analysis. Finite element model outputs cell width W, which is compared to 
the experimental width (Table 1.3). Axial and hoop stresses must be tensile. Simulations consistent with these two 
criteria are considered consistent with experimental findings. (C) An example of the simulation stress and strain 
distributions that match experimental findings in which Ea = 25 MPa, Pt,0 = 150 kPa, Pt,load = 270 kPa, l0 = 1200 nm, 
and the applied pressure is ∆P = 20 – 30 kPa, Pave = 30.0 kPa. 
As many of the parameters used in the finite element model have not yet been well 
defined experimentally (Table 1.2), we performed a parametric analysis to identify the 
combination of values that result in deformations similar to what are seen experimentally (Figure 
1.5B). Key input parameters for the model include Young’s moduli, initial turgor pressure, and 
turgor pressure after deformation. Finite element model results were compared to cell width and 
length obtained in experimental studies at known pressure differences ∆P (data from Table 1.3). 
Cell width is not highly variable in this strain of E. coli but cell length varies considerably 
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depending on the state of the cell cycle. For this reason, final deformed cell width was used as the 
primary indicator that a simulation was consistent with experimental findings. In the parametric 
analysis, Young’s modulus in the hoop direction, Eh is two times greater than that in the axial 
direction, Ea [10, 11]. The turgor pressure within a cell during extrusion loading, Pt,load is equal or 
greater than that prior to extrusion loading, Pt,0 (see section 1.2.3). The unstressed cell length, l0 
can also affect how far a cell traveled downstream and thus the final cell width, and was included 
as a free variable. Although the amount of initial contact between the cell envelope and the 
channel walls following the first step of the simulation can vary based on the initial position of 
the cell within the tapered channel, variation in the starting position had little effect on final cell 
width (additional 6 simulations indicated no difference in final cell width when initial cell 
position varied by more than ± 30%). 
Table 1.3 Applied pressure differences and cell dimensions from Figure 1.4 are shown. The parametric analysis 
identifies sets of unknown parameters (turgor pressure, Young’s modulus, and unstressed cell length) that result in cell 
width similar to that seen experimentally. W is expressed at mid cell and L is the length of the cell trunk (not including 
caps). 
Pave (kPa) ∆P (kPa) n Pu,ave (kPa) Pd,ave (kPa) Wave ± SD (nm) Lave ± SD (nm) 
12.5 
6 – 10 111 16.46 8.53 572 ± 155 2306 ± 470 
10 – 20 381 19.44 5.55 598 ± 145 2486 ± 528 
30.0 
10 – 20 95 37.73 22.25 684 ± 165 2762 ± 438 
20 – 30 146 42.16 17.82 697 ± 134 2617 ± 467 
30+ 296 47.28 12.70 645 ± 104 2596 ± 457 
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1.3.3 Results 
The stress and strain states from the finite element simulations (Figure 1.5C) were 
consistent with the analytical results (see section 1.2.3). The axial stress increases monotonically 
from the upstream end to the downstream end along the cell length. The hoop stress is less tensile 
at the downstream end. The normal pressure exerted by channel walls is increased at the 
downstream end. The shear stress is relatively constant and is more than three orders of 
magnitude smaller than the normal stresses. The axial strain is increased at the downstream end. 
Additionally, the turgor pressure, Pt,load in deformed cells was correlated with ∆P in 
simulations that matched experimental results (Table 1.4), which is in agreement with the 
conclusion from the analytical model (see section 1.2.3). 
Table 1.4 An example of ranges of parameters under the same cell wall Young’s modulus and initial turgor pressure 
that match experimental findings (i.e. achieve final cell width within 1 SD of the measured values). 
Pave (kPa) ∆P (kPa) Ea (MPa) Pt,0 (kPa) Pt,load (kPa) l0 (nm) 
30.0 
10 − 20 25 150 150 − 230 1400 − 2400 
20 – 30 25 150 190 − 280 1200 − 2000 
30+ 25 150 260 − 300 1200 – 1600 
 
In simulations that matched experimental results (Table 1.4), extrusion loading causes 
increased axial stresses, increased shear stresses, reduced hoop stresses, and more compressive 
radial stresses (Figure 1.6). 
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Figure 1.6 Stress state of the bacteria submitted to extrusion loading. The change in stresses in a cell envelope 
following an increase in magnitude of extrusion loading. The simulation stresses are obtained at mid cell and at the mid 
layer of a cell envelope. Shown here are the results for simulations with Ea = 25 MPa, Pt,0 = 150 kPa (Table 1.4). X-
error bars are s.d.; y-error bars are 95% confidence interval. 
Experimental results indicated similar responses of E. coli to both extrusion loading and 
loading through gel encapsulation. The stress state of bacteria under extrusion loading was then 
compared to that of bacteria under agarose gel encapsulation (Table 1.5). During elongation of a 
single cell, cell envelope material is added thereby increasing cell length. When encapsulated in a 
stiff gel, the longitudinal extension of the cell during growth is constrained. The cell envelope is 
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normally under tension due to turgor and the presence of the gel results in a reduction in 
longitudinal tensile stress in the bacterial cell envelope [19]. As there is typically no expansion of 
E. coli in the hoop direction, hoop stress remains identical to that present in a free-floating cell. 
We modeled the bacteria using a transversely isotropic linear elastic constitutive model (see 
section 1.3.2) with applied turgor pressure, Pt,0 and longitudinal compressive pressures, Pgel 
yielded from the growth constraints (Figure 1.7C, inset). 
Table 1.5 The responses of stress to increases in external loading of the two loading modes. “−” denotes no change. 
Loading Mode σa σh σr τ σhyd τoct 
Extrusion Loading ↑ ↓ ↓ ↑ − ↑ 
Agarose Gel Encapsulation ↓ − − − ↓ ↑ 
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Figure 1.7 Octahedral shear stress in bacteria under extrusion loading and agarose gel encapsulation. (A) The 
effects of the normal (hydrostatic stress, left) and shear (octahedral shear stress, right) stress on an infinitesimal element 
located on the octahedral plane. (B) The change in the octahedral shear stress in a cell envelope following an increase 
in magnitude of extrusion loading. Shown here are the results for simulations with Ea = 25 MPa, Pt,0 = 150 kPa (Table 
1.4). X-error bars are s.d.; y-error bars are 95% confidence interval. (C) The analytical solution of the octahedral shear 
stress in a cell envelope following an increase in magnitude of compressive pressure from the surrounding gel. The 
parameters used are Ea = 25 MPa, Pt,0 = 150 kPa. 
Although the normal stresses in the two loading modes are very different, decomposing 
the three dimensional stress state into hydrostatic and octahedral shear components shows that 
both loading modes result in increases in octahedral shear stress (Figure 1.7B and C). The 
hydrostatic stress is related to volume change of an infinitesimal element in a material; the 
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octahedral shear stress is related to shape change under constant volume of an infinitesimal 
element oriented in the principal coordinate system of a material (Figure 1.7A). 
1.4 Conclusions 
The mechanical models suggested that bacteria submitted to extrusion loading 
experienced increases in tensile axial stress and shear stress and decreases in tensile hoop stress. 
Additionally, extrusion loading caused increases in compressive radial stress (associated with 
increased internal pressure). Within the cell envelope, axial stress was more tensile at the 
downstream end of the trunk, but hoop stress was less tensile at the downstream end. Shear stress 
was uniformly distributed in the trunk and had a magnitude that is negligible compared to the 
normal stresses. Extrusion loading led to increases in turgor pressure. 
The octahedral shear stress in bacteria under extrusion loading and agarose gel 
encapsulation both increased but other normal stresses did not respond similarly in the two 
loading modes, indicating that the octahedral shear stress is responsible for the observed 
disassembly rate change of CusCBA in E. coli. 
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Chapter 2. Estimation of Cell Envelope Young’s Modulus 
2.1 Introduction 
The bacterial cell wall plays a pivotal role in survival of bacteria. It helps maintain cell 
shape during cell growth and cell division. Most importantly, it is believed to be the dominant 
stress-bearing component in bacteria [1]. Bacterial mechanical properties have been examined 
through the use of atomic force microscopy, optical trapping, fluidic bending, or agarose gel 
encapsulation. The reported Young’s moduli from these techniques span over two orders of 
magnitude (Table 1.1). The extrusion loading microfluidic device (see section 1.1.3) has been 
shown capable of assessing the bacteria stiffness qualitatively [2]: at a given applied pressure, 
less stiff cells traveled further into traps than stiff cells. The distance traversed by cells in traps 
hence serves as an indicator of bacteria stiffness. This technique is able to distinguish two strains 
of bacteria that feature different peptidoglycan thickness and thus cell wall stiffness. 
Our research goal is to quantitatively determine Young’s modulus of the cell envelope of 
Escherichia coli, using the data from experiments involving stepwise increases in the magnitude 
of extrusion loading (see section 1.2.1). We used both analytical and finite element models. 
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2.2 Analytical Model 
2.2.1 Methods 
Here we use the analytical model developed by Srivastava [3], which was derived from a 
force balance using transversely isotropic constitutive laws and measures of cell dimensions at 
two or three different load magnitudes (see section 1.2.2). The closed form solution for cell 
envelope Young’s modulus can be obtained as follows: first, consider longitudinal force balance 
on the upstream and the downstream end cap in configuration 1 and 2. Solving these balance 
equations and substituting the constitutive law, Equation (1.6), we have an expression for change 
in turgor pressure in the cell as, 
𝑃𝑡2 − 𝑃𝑡1 =
(𝑃𝑢2𝑟2 − 𝑃𝑢1𝑟1) + (𝑃𝑑2𝑟2 − 𝑃𝑑1𝑟1)
2
+
2𝑡𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
(
𝑙2 − 𝑙1
𝑙1
+ 𝜐ℎ𝑎
𝑟2 − 𝑟1
𝑟1
) (2.1) 
Recall that we have already obtained an expression for change in turgor pressure solved from 
hoop force balance (see section 1.2.2), Equation (1.14). Combining Equation (2.1) and Equation 
(1.14) and rearranging the terms yield: 
𝑟1
2(𝛥𝑃2 − 𝛥𝑃1)
2𝑙1(𝑓 + 𝛼)
=
𝑟1(𝑃𝑢2 − 𝑃𝑢1 + 𝑃𝑑2 − 𝑃𝑑1)
2
+
𝑡𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
[(2 − 𝜐ℎ𝑎)
𝑙2 − 𝑙1
𝑙1
+ (2𝜐ℎ𝑎 − 𝛾)
𝑟2 − 𝑟1
𝑟1
] 
(2.2) 
In the stepwise increases in extrusion loading experiments, we had three loading configurations. 
Thus we can treat configuration 1 as the reference state and configuration 3 as another deformed 
state in addition to configuration 2, and write a similar equation: 
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𝑟1
2(𝛥𝑃3 − 𝛥𝑃1)
2𝑙1(𝑓 + 𝛼)
=
𝑟1(𝑃𝑢3 − 𝑃𝑢1 + 𝑃𝑑3 − 𝑃𝑑1)
2
+
𝑡𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
[(2 − 𝜐ℎ𝑎)
𝑙3 − 𝑙1
𝑙1
+ (2𝜐ℎ𝑎 − 𝛾)
𝑟3 − 𝑟1
𝑟1
] 
(2.3) 
Dividing Equation (2.3) by Equation (2.2), we obtain an equation expressing the cell wall 
Young’s modulus in the hoop direction as: 
2𝑡𝐸ℎ
𝛾 − 𝜐ℎ𝑎2
=
(𝛥𝑃2 − 𝛥𝑃1)(𝑃𝑢3 − 𝑃𝑢1 + 𝑃𝑑3 − 𝑃𝑑1)𝑟1 − (𝛥𝑃3 − 𝛥𝑃1)(𝑃𝑢2 − 𝑃𝑢1 + 𝑃𝑑2 − 𝑃𝑑1)𝑟1
(𝛥𝑃3 − 𝛥𝑃1) [(2 − 𝜐ℎ𝑎)
𝑙2 − 𝑙1
𝑙1
+ (2𝜐ℎ𝑎 − 𝛾)
𝑟2 − 𝑟1
𝑟1
] − (𝛥𝑃2 − 𝛥𝑃1) [(2 − 𝜐ℎ𝑎)
𝑙3 − 𝑙1
𝑙1
+ (2𝜐ℎ𝑎 − 𝛾)
𝑟3 − 𝑟1
𝑟1
]
 
 (2.4) 
2.2.2 Results 
Applying experimental data (Figure 1.2) to Equation (2.4) makes it possible to calculate 
cell envelope Young’s modulus. Experimental parameter values included measures of applied 
pressures and cellular dimensions in three loading configurations. Additionally, we used 4 nm as 
the cell envelope thickness [4, 5], a Poisson’s ratio in the hoop-axial direction of 0.34 [6] and the 
anisotropy coefficient of 2.0 [4, 7]. The resulting Young’s moduli in the hoop direction calculated 
from Equation (2.4) were distributed in a range of -495 – 3524 Pa (the red circles in Figure 2.1) 
with an average value of 155 Pa. The results were not sensitive to the variation in cell wall 
thickness, Poisson’s ratio, or anisotropic coefficient within the reported ranges. Note that the 
literature indicates cell envelope Young’s modulus is commonly on the order of MPa (Table 1.1). 
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Figure 2.1 Hoop Young’s modulus calculated from the analytical model. Equation (2.4) input with the experimental 
data (n = 17) and reported parameters determines the cell envelope Young’s modulus in the hoop direction. Three 
anisotropic coefficients are tested. 
The Coulomb friction coefficient can be estimated by solving Equation (2.2) and (2.3) 
together. The resulting friction coefficients were distributed in a range of 0.037 – 0.105 with an 
average value of 0.078. 
2.2.3 Discussion 
The cell envelope Young’s modulus determined with the analytical model (~100 Pa) was 
over five orders of magnitude smaller than the reported values (~10 MPa). The closed form 
solution for Young’s modulus, in particular Equation (2.4) is shown to be sensitive to the 
measurements on the dimensions of trapped cells (Figure 2.2). By rewriting Equation (2.4) in a 
linear form that involves parameterizing any two dimensions from deformed configurations, for 
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example, cell lengths l2* and l3* (‘*’ signs here denote that the dimensions are now variables 
instead of measured values), we have 
𝑙3
∗ =
∆𝑃3 − ∆𝑃1
∆𝑃2 − ∆𝑃1
𝑙2
∗ +
∆𝑃3 − ∆𝑃1
∆𝑃2 − ∆𝑃1
(
2𝜐ℎ𝑎 − 𝛾
2 − 𝜐ℎ𝑎
𝑟2 − 𝑟1
𝑟1
− 1) 𝑙1
− (
2𝜐ℎ𝑎 − 𝛾
2 − 𝜐ℎ𝑎
𝑟3 − 𝑟1
𝑟1
− 1) 𝑙1 −
𝐴
∆𝑃2 − ∆𝑃1
𝛾 − 𝜐ℎ𝑎
2
2 − 𝜐ℎ𝑎
𝑙1
2𝑡𝐸ℎ
 
(2.5) 
, where 𝐴 = (𝛥𝑃2 − 𝛥𝑃1)(𝑃𝑢3 − 𝑃𝑢1 + 𝑃𝑑3 − 𝑃𝑑1)𝑟1 − (𝛥𝑃3 − 𝛥𝑃1)(𝑃𝑢2 − 𝑃𝑢1 + 𝑃𝑑2 − 𝑃𝑑1)𝑟1. 
Equation (2.5) indicates that when the dimension measurements varied by 25% (due to 
experimental errors, resolution limits, etc.), the obtained Young’s moduli changes by as much as 
six orders of magnitude (Figure 2.2F). Similar methods can be applied to any other two 
parameterized dimensions (r2*, r3*, l2*, l3*) and show the same result. Therefore, precise 
determination of Young’s modulus using the analytical requires accuracy of experimental 
measurements well beyond the capacity of the microscopes currently being used. 
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Figure 2.2 Closed form solution for determination of hoop Young’s modulus shows sensitivity to experimental 
measurements. An example of Equation (2.4) rewritten in linear forms. The black solid line in each plot denotes a 
linearized Equation (2.4) assigned with hoop Young’s modulus solved by Equation (2.4) (Figure 2.1). 
There are a few limitations to the analytical model that we must consider. First, the model 
is based on small strain assumption. The experimental results showed that the average axial strain 
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is 0.14 between configuration 1 and 2, and 0.41 between configuration 1 and 3 (Figure 1.2C). The 
average hoop strain is -0.12 between configuration 1 and 2, and -0.26 between configuration 1 
and 3 (Figure 1.2B). Hence, the magnitude of the deformations exceeded where small strain 
condition applies. 
In addition, the analytical model assumes no material flow between trunk and end caps of 
a trapped cell. The lengthening of a cell during extrusion loading in the analytical model is a 
result of extension in the cell trunk. However, finite element modeling (see section 1.3.2) 
suggests that as a cell traveled further downstream in response to an increase in applied extrusion 
loading, a portion of end caps (~20% of the cap length when ∆P is 15 kPa, ~27% of the cap 
length when ∆P is 24 kPa) was bent to channel walls and became part of trunk, leading to 
lengthening of the cell. This mode of deformations was not characterized by the analytical model. 
For these reasons, we concluded that the analytical model, while reasonable, was not able 
to describe the experimental results and a finite element model was developed. 
2.3 Finite Element Model 
2.3.1 Methods 
We created a finite element model of the bacteria submitted to extrusion loading using 
Abaqus (CAE 6.9-EF2, Dassault Systems, Providence, RI). A bacterium within the extrusion 
loading system was modeled as axisymmetric. The cell envelope was modeled as an isotropic 
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material with Young’s modulus E and Poisson’s ratio υ using solid elements. The finite element 
model consisted of 2,880 four-node bilinear quadrilateral elements (4 elements across the cell 
thickness, CAX4R elements). The thickness of the cell envelope t was chosen as 6 nm [4]. 
Channel walls were represented by rigid surfaces with dimensions determined from the 
microfluidic device (see section 1.1.3). Contact between the cell envelope and the channel walls 
was simulated using a surface-to-surface contact. Coulomb friction was applied between the cell 
envelope and channel walls with an estimated friction coefficient f = 0.04 (see section 2.2.2). 
Geometric nonlinearities were included in the finite element model. 
A stepwise increase in extrusion loading (increase in ∆P) was modeled by applying the 
difference in boundary conditions (fluidic pressures and cell dimensions) between two loading 
configurations to a cell envelope in the reference configuration (Figure 2.3). In particular, the 
difference in applied pressures between the reference and the deformed configuration, Pu2 – Pu1 
and Pd2 – Pd1 (or Pu3 – Pu1 and Pd3 – Pd1) was applied on the caps in the form of pressure. The 
difference in trunk radius, R2 – R1 (or R3 – R1) was applied by moving the channel walls. In 
addition, an internal pressure, δPt was applied to the inner surface of the cell envelope, 
characteristic of the increase in turgor pressure as a cell undergoes an increase in extrusion 
loading (see section 1.2.3). The magnitude of the change in turgor pressure was estimated from 
Equation (2.1). A pin at the mid cell was included to inhibit rigid body motion of the cell 
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envelope in channel walls.
 
Figure 2.3 Finite element method for determination of the cell envelope Young’s modulus. The cell on the left 
represents the reference configuration (configuration 1). The cell on the right is the deformed configuration 
(configuration 2 or 3) obtained from a simulation. Numbers mark the steps in a simulation. The green triangles 
represent the pins that inhibit longitudinal displacement. 
A parametric analysis was performed to iteratively determine the cell envelope Young’s 
modulus (Table 2.1). An array of isotropic Young’s moduli was assigned to the finite element 
model. If the observed cell length matches experimental results we record the cell envelope 
Young’s modulus. Poisson’s ratio is yet to be examined in the literature and may also affect the 
simulation cell length; thus it was parameterized in a range from 0.0 to 0.5. The parametric 
analysis method can be expressed as follows: 
(𝐸, 𝜐)
FE model
→      𝑙2,𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛
Compare
⇔     𝑙2,𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 (2.6) 
Table 2.1 Ranges of tested parameters for the cell envelope in the finite element model. A total of 517 simulations are 
performed for each cell in the parametric analysis. 
Parameter Definition Parameter Range Reported Range 
E Isotropic Young’s Modulus 10 – 240 MPa 2 – 220 MPa (Table 1.1) 
υ Poisson’s Ratio 0.0 – 0.5 – 
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2.3.2 Results 
The parametric finite element simulations yielded cell lengths obtained at different 
Young’s moduli (Figure 2.4). The simulation cell lengths are consistently larger than the cell 
length obtained experimentally by at least 20%. The simulation cell length decreases as expected 
when the cell envelope Young’s modulus increases, but after Young’s modulus exceeds 30 MPa 
the cell length plateaus. The cell lengths drop by 7% when Poisson’s ratio is decreased from 0.5 
to 0.0. 
Increasing the friction coefficient by 10 times resulted in only a reduction in simulation 
cell length by 4%. 
 
Figure 2.4 Results of the parametric finite element analysis on the cell envelope Young’s modulus. One example 
of the relations between the isotropic Young’s modulus and the resulting cell length. The dashed line represents the cell 
length obtained experimentally at the deformed configuration. 
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2.3.3 Discussion 
In our simulations, the cell length was not sensitive to the change in the cell envelope 
Young’s modulus. Deformation is generally reduced in a stiff material than in a less stiff material 
when the applied loads remain identical. The finite element simulation in theory yields greater 
resulting cell length as the assigned Young’s modulus is small, generating a monotonically 
decreasing trend of simulation cell length as the Young’s modulus increases. The parametric 
analysis is based on this concept and iteratively determines Young’s modulus that dictates 
deformation similar to the experimental results. However, the simulation results indicated that the 
resulting cell length remained unchanged across the tested range of Young’s moduli (Figure 2.4), 
preventing any conclusions regarding Young’s modulus in these simulations. 
There are a number of reasons why the simulation results did not match the experimental 
results, one of which is that the simulation cell length was consistently greater than the 
experimental value. The overestimated cell length may be partially explained by the curvature of 
the end caps. As previously shown, the lengthening of a cell submitted to extrusion loading 
involves part of end caps bent to channel walls. This suggests that as the radius of end caps 
increases (curvature decreases), the proportion of end caps that would be bent to channel walls 
decreases. Additional simulations in which the curvature of end caps was decreased by 22% 
(from hemispherical to relatively flat caps) resulted in a reduction in simulation cell lengths by 
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14%. Although in theory we could parameterize the curvature of end caps in the parametric 
analysis, the insensitivity of cell length to Young’s modulus may produce multiple Young’s 
moduli that dictate deformations equal to the experimental results. 
The use of a pin was to inhibit rigid body motion, but meanwhile it altered the 
deformation mode. With the presence of a pin, the upstream half of a cell was subjected to 
frictional force pointing downstream as the envelope lengthened toward the upstream. In the 
downstream half, the frictional force pointed to the opposite direction. Axial stress in a cell 
envelope is a function of frictional force given by the longitudinal force balance on a section of 
cell envelope. The frictional force that reversed its direction at the pin yielded axial stress and 
strain distributed in a V shape (Figure 2.5), which denotes that lengthening was greater near the 
end caps and smaller around the pin. However this is different from the linear pattern we have 
shown previously (Figure 1.5). 
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Figure 2.5 Axial strain in a cell from the finite element model developed for Young’s modulus determination. The 
axial strain distribution across the length of trunk, in which E = 50 MPa, υ = 0.3. The green triangle represents the pin 
that inhibits longitudinal displacement. 
2.3.4 Future Work 
The major issues with the parametric finite element method are that deformations 
exhibited insensitivity to the change in Young’s modulus and the use of a pin altered the way a 
cell envelope deformed. In the future finite element model, pressures are the only boundary 
conditions we apply (current model applied both pressures and deflections) and cells are modeled 
without a pin. The parametric finite element model generated for stress analysis (see section 
1.3.2) has shown that deformations were sensitive to the choice of cell envelope Young’s modulus 
when all the boundary conditions were in the form of pressure. In addition, cells were free to slide 
in tapered channels in the finite model used for stress analysis and they deformed in a way much 
similar to what was seen experimentally. Additional details on the future parametric finite element 
approach for determining cell envelope Young’s modulus include: we record resulting trunk radii, 
instead of cell length, and compare them to the experimental results due to the consistency in cell 
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width regardless of cell growth and bending of end caps. A cell envelope is modeled as a 
transversely isotropic material. Moreover, the change in turgor pressure can influence how 
downstream a cell travels in tapered channel and thus the resulting trunk radius, so the change in 
turgor pressure is set as a free variable. The procedures of the proposed future analysis can be 
abbreviated as follows: 
(𝐸𝑎 , 𝛿𝑃𝑡)
FE model
→      𝑟2,𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛
Compare
⇔     𝑟2,𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 (2.7) 
, where Ea is the envelope Young’s modulus in the axial direction and δPt is the change in turgor 
pressure between two loading configurations. 
For each cell, ranges of Young’s moduli and the change in turgor pressures are obtained. 
Examinations on all cells (n = 17) and the two deformed configurations (configuration 2 and 3) 
enable us to probe the average Young’s modulus of the cell envelope. 
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